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ple, diffusion with a fixed diffusion coefficient) but there is empirical KEYWORDS

evidence that movement rates and patterns may vary among differ- Reaction—diffusion; spatial
ent individuals. A simple way to capture variation in dispersal that ecology; population

has been suggested in the ecological literature is to allow individuals dynamics; individual

to switch between two distinct dispersal modes. We study models variation in dispersal

for populations whose members can switch between two different
nonzero rates of diffusion and whose local population dynamics are
subject to density dependence of logistic type. The resulting mod-
els are reaction—diffusion systems that can be cooperative at some
population densities and competitive at others. We assume that
the focal population inhabits a bounded region and study how its
overall dynamics depend on the parameters describing switching
rates and local population dynamics. (Traveling waves and spread
rates have been studied for similar models in the context of bio-
logical invasions.) The analytic methods include ideas and results
from reaction—-diffusion theory, semi-dynamical systems, and bifur-
cation/continuation theory.

AMS CLASSIFICATIONS
92D40; 92D50; 35K40; 35K57

1. Introduction

The movement of organisms plays an important role in determining the spatial distribu-
tions and interactions of populations, and thus influences many ecological processes. Most
classical models for the movement of organisms assume that all individuals in a given pop-
ulation have the same patterns and rates of movement (for example, diffusion with a fixed
diffusion coefficient) but there is empirical evidence that movement rates and patterns may
vary among different individuals, or for the same individual under different conditions; see
[5,6, 13,19, 35, 36, 40]. Furthermore, phenotypic variation in movement patterns can have
important effects on population dynamics and the spatial structure of populations; see [10].

A simple way to capture variation in dispersal patterns is to allow individuals to switch
between two dispersal modes. There has been some modelling of populations that can
switch between different dispersal modes. The case where organisms can switch between
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moving and non-moving (quiescent) states has been studied a considerable amount, espe-
cially in the context of organisms living in advective environments. See, for example [17,
24] and the references in those papers. The papers [37, 41] focus on how switching between
discrete movement modes influences the distribution of populations on the time scale of
foraging or other movement, but do not connect the dispersal process directly to popu-
lation dynamics. There has also been work showing that if individuals move by ordinary
diffusion but with rates that are drawn from a continuum of possible rates according to
a suitable probability distribution, the resulting movement pattern at the population level
can mimic what would be expected from anomalous diffusion, specifically Lévy flights; see
(18, 32, 33].

In a related but distinct line of research, researchers have studied systems arising as
models for the evolution of dispersal, where mutations allow populations to change their
dispersal rates. This idea was introduced in [11] in the case of a discrete set of dispersal
rates, and has been explored by several researchers for a continuous set of dispersal rates;
see [26] and the references in that paper. Another related but distinct source of interest
in populations with multiple dispersal modes is the observation that the presence of dis-
persal polymorphism can affect the spread rates of biological invasions and that dispersal
traits may evolve during invasions. Some empirical results on that topic are described in
[34]. Theoretical results on travelling waves, spread rates and related topics for systems
with multiple dispersal modes in the context of biological invasions are given in [7, 12, 15,
16, 31]. An extensive set of references to related work is given in [15]. Finally, the ques-
tion of existence of positive equilibria for models with a discrete set of dispersal modes on
bounded domains was addressed in [20].

In this paper, we will consider the system

ou

m =diAu—oau+ Bv+ (a— bu— cv)u,

av

E:dgAU#-au—,Bv%—(d—eu—fv)v, (1)

in a smooth bounded domain Q2 C R”(n > 1) with classical (Dirichlet, Robin or Neu-
mann) boundary conditions. Here all parameters are positive. We will describe in some
detail how the equilibria and dynamics of the model depend on the parameters. Our results
complement those of Girardin and Hei and Wu [15, 20]. The results of Girardin [15] show
that for a class of models including system (1) but allowing arbitrarily many possible move-
ment modes, if the zero equilibrium is unstable then there exist travelling waves connecting
the zero equilibrium to some positive equilibrium. They also include formulas for spread-
ing speeds. However, the precise structure of the set of positive equilibria for the models is
not studied in detail in [15], and the models are set on R rather than on bounded domains
in R". Some more detailed results on travelling waves for certain specific cases of models
with two possible dispersal modes, again set on R, are derived in [12, 31]. The results of Hei
and Wu [20] give sufficient conditions for the existence of a positive equilibrium and some
results on stability of small equilibria for a rather general class of models along the lines
of system (1) on bounded domains. The class of models for which the results of Hei and
Wau [20] hold contains some cases of system (1), and allows arbitrarily many movement
modes and general competitive nonlinearities, but the hypotheses of the main existence
theorem of Hei and Wu [20] impose significant restrictions on the parameters when applied
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to system (1). Roughly speaking, the conditions in [20] require & and § to be larger than
certain expressions involving combinations of the other parameters in system (1) and the
quantities £+ (o — B).

The paper is structured as follows: In Section 2, we show that the system is dissipative,
examine the stability of the equilibrium (0, 0), calculate the minimal patch size needed for
the instability of (0, 0) under Dirichlet conditions, and derive some other general proper-
ties of the system. In Section 3 we study in detail the equilibria and dynamics of the system
of ordinary differential equations arising from setting the diffusion rates equal to zero in
system (1). In Section 4 we study the dynamics of the system with Neumann boundary
conditions, partly by using the results from the previous sections. We give a summary of
the results and discuss their biological significance in Section 5.

2, Preliminaries
2.1. Dissipativity and instability of (0, 0)

The system (1) can be written as follows:

U Au+ g1 ()

— = u u,v),

Y 1 &1

v .

v dyAv+ g (u,v) in Q x (0,00), (2)

where

gwv)=(@a—a—bwu+ (B —cu)v

3
ow,v)=([d—B—fv)v+ (0 —ev)u. 3)

We will also assume that u# and v satisfy homogeneous Neumann, Dirichlet, or Robin
boundary conditions. The local existence of classical solutions follows from standard
results, see, for example, the discussion and references in [9, Sections 1.6.5 and 1.6.6], or [3,
21, 22]. Global existence follows if solutions are bounded by some finite B(T) in [L>°(R2)]?
on any time interval (0, T) with T > 0; see, for example [1, 2]. Using the so-called method
of contracting rectangles (see, e.g. [39, Chapter 14.E]), we have the following result on the
uniform boundedness of solutions of system (1).

Proposition 2.1: There exist positive numbers My and Ny, such that for any M > M, and
N > Ny, the rectangular region [0, M] x [0, N] is invariant and contracting from above, i.e.
21(0,v) >0, ©(v,0) > 0,81 (M,v) < 0and g(u, N) < 0. Thus, any solution of system (2)
with nonnegative bounded initial data exists for all t > 0, and eventually lies in the rectangle
region [0, M1] x [0, N1].

Proof: For system (2) with all fixed positive parameters, it is easy to see that g1(0,v) =
pv > 0 and g (4,0) = au > 0 for any u,v> 0. Moreover, there exist M; and N; such
that a —a —bM; <0, B —cM; <0, d— B —fN; <0 and o —eN; < 0. Then there
exists some small € > 0, such that for any M > M; —€ and N > N; —¢€, g1(M,v) =
(a—a—bM)M+ (B —cM)v < (a— o —bM; + be)M + (B — cM; + ce)v < 0for any
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v > 0. Likewise, we have g2 (1, N) < 0 for any u > 0. Consequently, for any nonnegative-
bounded initial data ¢ = (¢1,¢), there exist My > M; — € and Ny > N; — €, such
that the associated solution (u(t,-, ), v(t, -, ¢)) of system (2) is contained in [0, My] X
[0, Ng] for all £ > 0. Let gf(u,v) =(@—oa—buwu+ [ — cul+v and g;(u,v) = (d—
B —fv)v+ [¢ — ev];u. Here [x]+ = max{x, 0}. Then gr(u, v) and g;(u, v) are locally
Lipschitz continuous in [0, My] X [0, Ng]. Also, the system obtained by replacing g; and g,
in (2) with g;" and g, is cooperative, and solutions to the original system are sub-solutions
to the modified system. Let (U(¢), V(¢)) be the solution of ODE System U; = gfL(U, V),
Vi = g;r (U, V) with (U(0), V(0)) = (Mg, Ng). This will be either a solution (in the Neu-
mann case) or a super-solution (in the Dirichlet or Robin case) for the system obtained by
replacing g1, g with gfr, g2+ in (2). By the comparison theorem (see, e.g. [38, Chapter 7]),
we have u(t, -, ¢) < U(t) and v(t,-, ¢) < V(t),foranyt > 0. Note thatlim sup,_, ., U(t) <
M; — e andlimsup,_, ., V(t) < N; — €. Therefore, u(t, -, ¢) and v(t, -, ¢) eventually lie in
[O,Ml] X [O,Nl]. |

Linearizing system (1) at (0, 0), we have

au

Fri diAu+ (a —a)u+ B,

0

8_11: =dAv+aoau+ (d—p)v inQ x (0,00), (4)

Bu=Bv=0 onad2 x (0,00),

where B denotes a Dirichlet, Neumann, or Robin boundary operator. The system (4) is
cooperative and irreducible, so the operator on the right-hand side of the partial differential
equations has a compact positive resolvent by standard elliptic theory. By the celebrated
Krein—Rutman theorem, it follows that the eigenvalue problem

APy = di1Agy + (a — @)1 + B,
Apy = dr Ay +ady +(d— B¢, inQ, (5)
Bp1 =Bp, =0 ond<,

admits a principal eigenvalue 1 with a positive eigenfunction ¥ = (1, ¥2).

Proposition 2.2: The trivial steady state (0,0) is unstable for system (2) under Neumann
boundary conditions.

—-B

where A is any eigenvalue of A. Note that the principal eigenvalue is 1o = s(A) for the Neu-
mann boundary conditions because in that case the principal eigenvalue of the Laplacian
is 0 and the eigenfunction is constant. We will show that s(A) > 0. Clearly, tr(A) = a —
o+d—p,det(Ad) = (a —a)(d— B) —af = ad — ad — ap, and [tr(A)]*> — 4det(A) =
(@a—a—d+p)>+4ap > 0. Consequently, A always has two real eigenvalues and s(A) =
max{A}.

Thus, if det(A) = ad —ad — aB < 0, it is easy to see s(A) > 0. Suppose ad — ad —
aB > 0, thatis,«/a + B/d < 1. This implies that « < a and 8 < d, and hence, tr(4) > 0.
Again, we see that s(A) > 0, so (0,0) is unstable for system (2). [ |

Proof: Let A = (“;a dﬂ ) and denote the spectral bound of A as s(A) := max{Re)}
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For the Dirichlet or Robin boundary condition, the sign of 1 is not obvious. Suppose we
have Dirichlet boundary conditions. (The case of Robin conditions is similar.) Let (A4, ¢4)
be the principal eigenvalue and associated positive eigenfunction of Au = Au,x € Q,u =
0,x € 9K2. Suppose dirg + a > 0and dyA4 + d > 0. This guarantees that when o = g =
0, system (2) admits two semi-trivial steady states, and unstable trivial steady state (0, 0).
When « and § are small, we still can argue that 1y > 0. But what will happen in other cases
for (o, B)?

Proposition 2.3: If a +diAg > 0 and d + dy14 > 0, then the trivial steady state (0,0) is
unstable for system (2) under the Dirichlet condition.

Proof: Suppose ¢, = k¢ for some k > 0. Then the eigenvalue problem (5) reduces to
M = d1Ad + (a—a + kB, x € Q,
M= dAgy+ (d—B+7) b1 xe® (6)
¢$1 =0, xe€dQ

and turns out that each of the equations of (6) admits a principal eigenvalue, denoted
by My =dilg+a— o+ kB and Ly = dadg + d — B + a/k, respectively, with the same
positive eigenfunction ¢4. Now if we can solve for some k>0 so that A} = djAg+a —
a+ kB =dyhg+d— B+ a/k =X, then we can conclude that Ay = A1 = A, with the
positive eigenfunction (¢4, k4). Indeed, let k* be the unique positive root of

BK* + (dirg+a—a—dhg—d+pPk—a=0 a>0p>0. 7)

It follows that A =diAg+a—a+k*B =dorg+d— B+ a/k* Now if k* > a/B,
then dpAg+d>ry=dirg+a—a+k*>dirg+a If kK <a/B, then dirg+a >

=dyrg+d— B+ a/k* > dyhg+ d. This implies Ay > min{a + d11g4,d + darg} >
0. Therefore, under the Dirichlet condition system (4) admits a principal eigenvalue 1o > 0
with a positive eigenfunction (¢4(-), k*pa(-)). [ |

Remark 2.4: Indeed, Proposition 2.3 also works for the Robin condition. Moreover, if
one of o and B is zero, say, @ = 0, then A = a and A = a + dj )4 are positive eigenval-
ues for eigenvalue problem (5) under the Neumann and Dirichlet (or Robin) condition,
respectively. Therefore, (0, 0) is still unstable.

2.2. Minimal patch size under Dirichlet boundary conditions

The sufficient condition for instability of (0, 0) in Proposition 2.3 is simple but not sharp.
The eigenvalue 1, depends on €2, and if A4 is sufficiently negative the equilibrium (0, 0)
will be stable. This leads to the phenomenon that under Dirichlet conditions there will be a
minimal patch size needed for population growth. In order to study the minimal patch size
needed to support a population we account for the size by writing 2 = KQO with |Qo| = 1
and then rescaling the model on €2 back to Qo (see [9, Chapter 3.2.2]). Let 1o be the prin-
cipal eigenvalue for Au = Au in Qo, u=0 on 9. Then Ay = AO/EZ < 0. The condition
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in Proposition 2.3 will be satisfied if £ > \/—Xo/min{a/dl, d/dy}. LetQ:=dirg+a—«
and Q, := dyAg + d — B. By writing (7) in the proof of Proposition 2.3 in terms of Q; and
Qy, solving, and substituting into the formula for Ao, we have

_ QA+ Q+(Qi = Q)+ 4B

A
0 2

which is the larger root of

2% —(Q1 + QA+ (Q1Qz — ap) = 0.

We have

_ QU+t (Q—Q)? Q+Q+1Q —Qf
- B 2

so if either Q; > 0 or Q; > 0then A¢ > 0. That will be the case if max{a — «,d — B} > 0

and £ > \/—):o/max{(a —a)/d,d— B)/dy}. f max{a — o, d — B} < 0then Q; + Q; <
0. To get Ag > 0, we need

Ao

= max{Qy, Qz},

QQ—ap=(dirg+a—a)(drs+d—p)—aB <0,
that is,
dida)3 + [(dr(a — o) + di(d — B)lra+ (a—a)(d — ) —ap < 0. (8)

In the case max{a —a,d — B} <Owehave 0 <a—a<aand 0 < 8 —d < B so the
constant term in inequality (8) is negative, so the quadratic

didoa* + [(da(a — @) +di(d — B)Ir+ (@a—a)(d—B) —af =0 )

must have one positive and one negative root. Denote

dy(a—a) +di(d—B) +/[d(a—a) —di(d — )| + 4d1drapp
2dd, '

Ala, B) =

Then —A(a, f) , the smaller root of Equation (9), must be negative. Since 1; < 0 satisfies
inequality (8), we obtain the condition —A (e, B) < A4.

Therefore, in this case Ag >0 is equivalent to Ag > —A(a, B), that is, ¢* >
—Xo/A(a, B). This then gives us the minimal patch size £" where # is the number of space
dimensions and £ = \/ —Xo/A(a, B).

Now direct computation indicates

N 1

—dy(a— ) +di(d+ B)
=— | -1+
da 2d; \/[dz(a —a) —di(d— B))? + 4d1drap

 —ldsa— o) — di(d— ) + s — do(a— ) + dy(d + )
241/ [da(a — @) — di(d — B) + 4d1dzap




294 R.S.CANTRELL ET AL.

1
241/ [da(a — @) — di(d — B)) + 4d1draf
Tl —o) —did—p)) —adidrap + [-dra— ) +di[d+ B
Vi@ —a) —di(d— B + adidoap — do(a— ) + di (d + B)
1
241/ [da(a — ) — di(d — B) + 4d1dyaf
2@ =)= p) — @+ B)] — 4dydoap + B+ ) — (d — )
Jldoa—a) — did — ) + adidrap — do(a — o) + di(d + B)
1
Jlda@— o) —di(d - B)) + adidrap
2B(—dya + did)
Jlda— o) — di(d— B)F + 4dydraf — dya— o) + dy(d + )

X

Similarly, we have

A 1

B Jida—a)—did— P + 4didrap
20(—dd + daa)
Jldoa— ) — did = p))? + adidrap — di(d — ) + do(a + )

Now if a/dy = d/d,, then A(e, B) = a/d;, and hence, ¢ is independent of & and S.
In the case where a/d; > d/d,, then —dya + did < 0 and

X

Jldaa— ) — di(d — )1 + ddidsap — do(a— o) + di(d + B) > 0.

It follows that 9A /o < 0and A /9B > Ofora > 0, 8 > 0, that s, £ is strictly increasing
in o and strictly decreasing in 8. Fix 8 > 0 and let « — oo, we have A | d/d,. Fixa > 0
and let B — o0, we have A 1 a/d;.

In the case where a/d; < d/d,, then —d;d + da < 0 and

Jida@ — ) — dy(d — B + ddidsaf — di(d — ) + da(a+ ) > 0.

It then follows that dA/da > 0 and dA /9B < 0 for a > 0,8 > 0, that is, £ is strictly
decreasing in « and strictly increasing in B. Fix § > 0 and let — 00, we have A 1 d/d,.
Fixa > O andlet 8 — oo, we have A | a/d.

2.3. Dynamics under Neumann boundary conditions

Define

b
Ll(a)ﬁ) =a—o— zﬁ;
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—L
—L

Y

Figure 1. Possible regions are separated by L; (i=1,2), in the o8- plane.

Ly(a, ) = d—éa —B.

Then L; and L, divide the first quadrant of «, 8 plane into at most four regions (see
Figure 1).
Set

I:={(a,B) : Li(at, 8) <0, @« > 0,8 >0, i = 1,2},
II:= {((X,IB) : LI(O[HB)LZ((X::B) <0, x> 0’13 > O}>
I := {(«, B) : Li(et, B) > 0, « > 0,8 >0, i = 1,2}.

We are ready to state an important observation for system (1) with the Neumann condition.

Proposition 2.5: Suppose U(t,-, ®) = (u(t,-, ®),v(t,-, P)) is the solution of system (1)
with Neumann boundary conditions and any bounded nonnegative initial data ® = (¢1, ¢2)
with ® £ 0. Then the following statements are valid.

(@) If (a,B) €1, then system (1) is cooperative in a positively invariant set A := [0, B/c] x
[0,/e], and U(t, -, @) eventually lies in [0, B/c) x [0,a/e);

(b) If (a,p) €1lI, then system (1) is competitive in a positively invariant set B :=
[B/c,(a—a)/b] x [a/e, (d— B)/f], and U(t, -, @) eventually lies in Int(B).

Proof: For (a), in the system written in the form (2), we have g1 (8/c,v) = Li(«, 8)B/c < 0
and g (u,¢/e) = Ly(e, B)(«w/e) < O for any (u,v) € A. Adapting the proof in Proposi-
tion 2.1, we obtain that (a) is valid.

For (b), it is easy to see that g1(8/c,v) = Li(a, B)(B/c) > 0,02(u,a/e) = La(xt, B)
(@/e) > 0, gi((a—a)/b,v) = (B —c((a—a)/b)v = —(c/b)Li(e, B)v < 0, and g (u,
d—-B)/f)=—(f/e)Lr(a, B)u < 0 for any (u,v) € B. Thus, B is contracting. Let
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fov) = (a—a—buu—(d—B)/Hleu—Bly and g-(wv) = (d—p — fo)v —
((a —a)/b)lev — a]4. Then f_(u,v) < g1(u,v) and g_(u,v) < g (u,v) for (u,v) € B.
Employing the same comparison argument as in Proposition 2.1, we can show that
liminf;_, o0 u(t, -, ®) > B/cand liminf;  v(t, -, P) > a/e. [ |

Remark 2.6: Proposition 2.5 (a) is also valid for system (1) under Dirichlet boundary
conditions provided a + diA4y > 0 and d + dy 14 > 0, and similarly for Robin conditions,
based on analogous arguments in those cases.

2.4. Existence of positive equilibria with one component small

When o« = B = 0, the system (1) becomes a competitive Lotka—Volterra model. By stan-
dard results for diffusive logistic equations, as discussed for example in [9], Chapter 3, the
system (1) will have semi-trivial equilibria (ug, 0) and (0, vg) in the boundary of the pos-
itive cone under Neumann boundary conditions if a > 0 and d > 0, and under Dirichlet
boundary conditions ifa + djA5 > 0 and d + dA4 > 0. We next look at the behaviour of
boundary equilibria for « = 8 = 0 as those parameters become positive. For convenience,
we only consider the Dirichlet boundary case. Other boundary conditions can be treated
in a similar manner.

Lemma 2.7: Suppose a + dihg > 0 (respectively d + dy)g > 0). If the semi-trivial steady
state (ug, 0) (respectively (0,vo)) is linearly stable when o = 8 = 0, then it gives rise to a
positive steady state (u*(-), v*(-)) close to (up,0) (respectively (0,vo)) when « and 8 are
sufficiently small.

Proof: Here, we only consider the case, where a + diA4 > 0, the other case can be treated
in a similar manner. Let F : Cg“‘ (2,R) x C(%Jr“(Q, R) x R — C*(Q,R?) be defined by

F(u,v,z) = (dlAu —a@u+ B+ (a—bu— cv)u)

dAv + a(2)u — B(z)v + (d — eu — fv)v

where a and B are smooth, a(0) = 8(0) = 0 and «/(0) > 0, B/(0) > 0.
Clearly, the mapping F is continuous and differentiable. Indeed, we have

o\ _ (diA¢+(a—a—2bu—cv)p+ (B —cu)y
DaunFlhv.2) <w) = (dzAw +(@—ev)p+(d—f—eu— 2fv>w> (10

It then follows that F(ug, 0,0) = () and

A -2 —
pssues (3) = (W4L0T )
If 0 is not an eigenvalue of
DAY+ (d—eup)y =oc in , Y=0 on 0%, (12)

then
Ay +(d—eu)y=q, in Q Yy=0 on IR (13)
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has a unique solution for any g € C*(Q,R). Also, since up > 0 in , the principal
eigenvalue for

diAp+(a—buy)p=t0 Iin Q, p=0 on I (14)

is T = 0, so the principal eigenvalue of
diAp+ (a—2bug)p=10 in 2, p=0 on I (15)
will be negative. Therefore, if { is determined uniquely by Equation (13) then the equation
diAp+ (a—2bug)p=p+cupyy in 2, ¢=0 on N (16)

has a unique solution for any p € C*(Q,R). This implies Dy,,.)F(ug, 0, 0) is invertible,
and hence, it follows from the implicit function theorem that in some neighbourhood of
(19,0, 0), the relation F(u,v,z) = (8) defines u = u(z), v = v(z) with u,v smooth in z.
Consequently, we can differentiate F(u, v, z) = (8).

diAd —o'u— o + B'v+ Bv + (a —2bu — cv)u’ — cuv’ =0,
AV +a'u+au — Bv— v —evi + (d — eu — 2fv)v' =0,

W =v=0 on 9Q.
Evaluating the equation for v’ at (19, 0, 0) gives
— AV — (d—eup)v =d’'up >0 in Q. (17)

When (u, 0) is linearly stable for system (1), the principal eigenvalue for Equation (12) is
negative, so the principal eigenvalue and hence all other eigenvalues of

LY = —dhAY — (d—eup)y =y in Q =0 on 09Q (18)

are positive, so the operator L has a positive resolvent (in other words, Equation (17) has
a maximum principle) which implies that v > 0 in . Thus, increasing z slightly from
z=0 will produce a positive steady state (ug, v;) with both components positive in . In
other words, if (o, B) are small enough, there is a positive steady state close to (ug, 0). The
argument in the case of (0, vg) is analogous to that for (19, 0). [ |

3. Spatially homogeneous case

To better understand the effect of the switching rates o« and $ on the dynamics of the
system (1), we first study the ODE system

du
e = —au+ Bv + (a — bu — cv)u,

dv

E:au—ﬂv—k(d—eu—fv)v. (19)
In view of Proposition 2.2, it follows that (0, 0) is unstable. Next, we discuss the existence
and stability of positive equilibria.
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3.1. Basic properties of equilibria
Let (u*, v*) be a positive equilibrium of system (19). Then we have

—au® + Bv* + (a — bu* — cv*)u* =0,
au® — Bv* + (d — eu” — fv*)* = 0. (20)

Set k = v*/u*. Substitute k into system (20) and simplify the equations. We get

*

a—oz+/3k_ozk_1+d—/3

b+ck e+ fk 1)

Note that if k € (0,a/B), it follows from ak™' +d — B > 0 that u* > 0, and if k €
/B, 00), then we have u* > 0 because of a — o + Bk > 0. Thus, it suffices to find the
positive values of k satisfying the equation

a—oz+,3k_ozk_1+d—,3
b+ck e+ fk

Simplifying the above formula, we get the cubic equation:

P(k) := Bfk’ + [((a — )f + Be — c(d — B))IK
+ [(a — a)e — ac— (d — B)blk — ab = 0. (22)

Since P(0) = —ab < 0 and P(oo) = oo, we immediately obtain that there exists at least
one positive root k* for P(k).

Therefore, system (19) admits (at least) one positive equilibrium (#*, v*), and at most
three positive equilibria.

Proposition 3.1: Suppose (u*, v*) is any positive equilibrium for system (19).

(a) IfLi(a, B)Lo(r, B) > 0 and (u*,v*) is hyperbolic, then it is either a saddle or a stable
node. Moreover, it is always a stable node provided bf > ce.

(b) IfLi(a, B)La(a, B) < 0, then (u*, v*) is hyperbolic and could be a stable node or stable
spiral.

Proof: Consider the Jacobian matrix at (u*, v™), namely
« o _ [a—a—2bu* — cv* B — cu*
](u,v)_( o — ev* d— B —2fv* —eu*)’

Note that a — o — bu™ — cv* + B(v*/u*) =0 and d — B — fv* — eu* + a(u*/v™) = 0.
Thus, we have

U*
—bu* — p— B — cu* . .
u
](u*) v*) — . — 11 12 ,
. . u a  ax
a—ev —fv* —a—
v*
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where a;; = —bu* — B(v*/u*) <0, axn = —fv* —a(W*/v*) <0, a;p =B —cu* and
a1 = o — ev*. We have

*2 *2
det(J) = ayaxn — anax = (bf — ce)u™v™* + 'va_* + abu—* +epv* +acu®, (23)
u v

tr(J) = a;1 +ax <0, and (tr()))* —4det()) = (a1 + ax)* — 4(a1a22 — anaz) =
(a11 — ax)* + 4ana.

In the case where L; (o, ) L2(r, B) > 0, it follows from Proposition 2.5 that ajpa;; >
0, and hence, (tr(J))> — 4det(J) > 0. If det] # 0, (u*,v*) is either a saddle or a sta-
ble node. Moreover, it easily follows that if bf — ce > 0, then det] > 0 and (u*,v*) is
always a stable node. In the case where L;(«, 8)Lz(«, ) < 0, suppose L;(«, f) > 0 and
Ly(ar, B) < 0.(The other case is similar.) Note that u* > B/cand v* > «/eare equivalent to
Li(«, B) > 0and Ly(«, B) > 0, respectively. Indeed, If u* > B/c,thenL; (o, B) > a — o —
bu* = (v*/u*)(cu* — B) > 0. Meanwhile, if u* < B/c, then Li(a,8) < a —«a — bu* =
(v*/u*)(cu™ — B) < 0.Now Li(a, B) = 0and Ly («, ) < Oyield u* > f/cand v* < a/e,
that is, ajpap; < 0. It then follows that det] = aj1a2; — a12a21 > aj1a22 > 0, and hence,
the equilibrium is hyperbolic. However, it is not obvious that what type of equilibrium it
is. Indeed, numerical computation indicates that (1™, v*) could be a stable node or stable
spiral. |

3.2. Conditions for global stability

Next, we use a Lyapunov function to prove the global stability of the positive equilibrium
(u*,v*) for & and B in certain regions of the o/8-plane. This analysis will also extend to the
PDE case with Neumann boundary conditions, which we will discuss later. Let F; (1) =
u—u* —u*In(u/u*) and F,(v) = v — v* — v*In(v/v¥).

Lemma 3.2: (a) If(«,B) € 1L, thenthereexistsc; > 0, i = 1,2, suchthat V. = c1F| + c;F
satisfies dV /dt < 0 along any positive solution (u,v) of system (19). The equality holds
if and only if (u,v) = (u*, v*).

(b) If (o, B) € I and bf > (c — B/u*)(e — a/v™), then there exists ¢; > 0, i = 1,2, such
that V = ¢\ F1 + o F, satisfies dV /dt < 0 along any positive solution (u,v) of system
(19). The equality holds if and only if (u, v) = (u*, v™).

Proof: For the sake of illustration, we refer to Figure 1. If (¢, 8) € II, then («, B) € 11, or
IT; including the interior boundary. By the proofs of Proposition 3.1(b) and Proposition 2.5,
it follows that (u* — 8/c)(v* — «/e) < Oifand onlyif (o, 8) € I, u* > B/cand v* > a/e
if and only if (o, B) € III. Furthermore,

dFl u*\ du * v
E_<1—7>a_(u—u)(—a—l-ﬂ;—l—a—bu—cv)

v v*

= (u—u*) [—b(u —u*)—c(lv—v")+ B (— - —)]

u u*

= —b(u—u*)? —ctu—u")w—v*) + Bu—u*) <3 _ f)

u u*
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< —bu—u"?— <c - %) (u—u™ (v —v%
B

= —bu—1u"? — S — By — =),
u* c
The inequality above is valid since if u(ty) > u* > 0 for some ty > 0, then v/u — v*/u* <
(v —v*)/u*, and hence B(u— u*)(v/u — v*/u*) < (B/u*)(u — u*)(v — v*). On the
other hand, if u* > u(ty) > 0 for some ty > 0, then we have v/u — v*/u* > (v — v*)/u*
and u — u* < 0, and hence, we still have 8(u — u*)(v/u — v*/u*) < (B/u™)(u — u™)(v —
v*). In other words, we always have B(u — u*)(v/u — v*/u*) < (B/u*)(u — u*)(v — v*).
Similarly, we also have

dF.
d_tz < —fv—v* - U_e* <v* - %) (u—u*)(v —v*).
Note that if AD > BC and A,D are positive, then there exists K > 0 such that Ax?> + Bxy +
K(Cxy + Dy?) > 0, for every x > 0,y > 0 except (0, 0).
Clearly,

B+ CK \?
y

Ax* 4 (B+ CK)xy + DKy* = A (x +—0

N BZ—}—DK BCK C2K2 5
1A 240 A )

stays positive for every x > 0,y > 0 except (0, 0) provided we can choose K > 0 so that

B? BC c ,
——+4+|D-=—=)K-—=K*>0.
4A

Such is the case if the discriminant A for —B?/4A 4 (D — BC/2A)K — (C?/4A)K? = 0is
positive. Since

BC\* B)C* , DBC
A=(D-=) -2 =2 =pP - >,
2A 4A2 A
the result follows.
Nowlet A=b,D=f,B=c— B/u*and C = e — ao/v*. In region I1,, II, it is easy to see
that BC < 0 < AD, and hence, there exists K; > 0 such that for V = F; + K;F, we have

dv
— <0.

dt —
The equality holds true if and only if (1, v) = (u*, v™).
In Region III, B and C are positive, we need AD > BC, that is, bf > (c — /u™)(e —
a/v*). Then there exists K, > 0 such that for V = F; + K, F, we have
dv
— <0.

dt —
The equality holds true if and only if (1, v) = (u*, v¥). |
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Remark 3.3: If (o, B) € Il and bf > ce, e.g. in the weak competition case (b/e > a/d >
¢/f, a unique stable coexistence), the condition in part (b) is automatically valid because

)]

3.3. Bifurcations

Next, we will explore some bifurcations for the system (19). Consider the strong competi-
tion case, that is, bf < ce. First, we give the number of positive equilibria when « and g are
small enough.

Proposition 3.4: Suppose bf < ce. If c/f > a/d > b/e, then system (19) has three positive
equilibria when («, B) are small enough. If either a/d > c/f > b/e or ¢/f > bje > a/d

holds, then system (19) has a unique positive equilibrium when («, 8) are small enough.

Proof: The proofis based on using the cubic discriminant and checking the signs of coef-
ficients in Equation (22). Recall that the discriminant of the cubic Ax* + Bx? + Cx + D
is B2C?* — 4AC® — 4B*D — 27A2D? + 18ABCD, and that when it is positive the cubic has
three distinct real roots. For the polynomial P(k) all terms in the discriminant except the
one corresponding to B2C? go to zero as « and f go to zero, and when a/d # c/f and
a/d # b/e the limit of the remaining term is positive, so when «,  are small enough
P(k) always has three distinct real roots k;(i = 1,2, 3). Now when ¢/f > a/d > b/e and
o = =0, system (19) admits two linearly stable boundary equilibria. Adapting the
proof in Lemma 2.7, together with the fact ki k ks = ab/Bf > 0, we see that system (19)
admits three positive equilibria. When «, B are small enough and a/d > ¢/f > b/e
(or ¢/f > b/e > a/d) holds, we have k; + ky + k3 = —(af —cd — fa + (c+e)B)/Bf <
0 (orkiky + kiks + kaks = (ae — bd — (¢ + e)a + bB)/Bf < 0). Since ki kyk3 > 01is pos-
itive, we see system (19) has a unique positive equilibrium. |

Now we are ready to introduce the main result on the bifurcation of system (19).

Theorem 3.5: Suppose bf < ce, then a (codimension-two) cusp bifurcation occurs at the
bifurcation curve in the af-plane with parametric form

_ I2[mfk* + 2nfk 4 n(e + c) — mb]
B (fk? + (e + o)k + b]?
_fn—me+ 0)]k* — 2mbk — nb
B [fk? + (e + o)k + b]?

>

(24)

B

>

where m = af—cd and n = ae — bd, and k satisfies one of the following cases:

(A1) Ifc/f > a/d > b/e, that is, m < 0,n > 0, then k € [k}, k}], where ki and k3 are the
unique positive roots of Equations (26) and (29) (shown below), respectively.

(A2) Ifa/d > c/f > b/e, thatis, m > 0,n > 0, and fn — m(e + ¢) > 0, then k € [k, 00).

(A3) Ifc/f > b/e > a/d, thatis, m < 0,n <0, and n(e + c) — mb > 0, then k € (0,k3].
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Moreover, any non-hyperbolic equilibrium only occurs when (o, B) lies on the bifurcation
curve (24) provided one of (A1)-(A3) holds.

Proof: (Al) Bistable case (¢/f > a/d > b/e): when o = =0, the system (19) has
two stable boundary equilibrium points and one unstable positive equilibrium point.
The cubic equation is k> + [m — af + (e + ¢)B1k* + [n — (c + e)a + bBlk — ab = 0.
Rewrite the equation as follows:

mk* + nk = —(Bk — a)[fk* + (e + o)k + b].
Note that for any k > 0, fk? + (e + )k + b > 0, thus we have

mk?* + nk

YO e e okb ¢

— Bk. (25)

The left-hand-side of Equation (25) represents a curve which is fixed, independent of «
and B, and the right-hand side gives a line with two parameters. Moreover,

Qmk + n)[fk* + (e + o)k + b] — (mk? + nk)(2fk + e + ¢)
[fk? + (e + o)k + b)?
[fn — m(e+ 0)]k* — 2mbk — nb
R+ e+ ok+ b

V'(k) =

Since m < 0 and n > 0, it follows that fn — m(e 4- ¢) > 0. Let k} be the positive root of
[fn — m(e + ¢)]k* — 2mbk — nb = 0. (26)

Fork € (0,k}), V/(k) > 0,and fork € (kJ, 00), V'(k) < 0,and V(0) = 0, V(c0) = m/f <
0. This will help to plot the curve V(k). Note that as & and 8 vary, the line on the right-
hand side of Equation (25) moves but the curve does not. This suggests that analysing
the intersections of the curve and the line graphically should be possible. The essential
arguments used to find the number of intersections of two curves are similar to those in
the Spruce Budworm model [28].

For example, fix a sufficiently small , let S increase (or fix a relatively large «, let 8
increase), then the line rotates clockwise around (0, o). Now we have the following pictures.

We need to find the bifurcation turning point. This requires us to check the tangency
condition. Taking the derivative (with respect to k) for both sides of Equation (25), we have

(fn — m(e + c)]k* — 2mbk — nb

P =V = e e ok 4 op

(27)

So for any k > k7, we have g > 0.
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a sufficiently small, 3 varying arelatively large, 3 varying

y=V(K) y=V(k) &
(0,0 /y; o

0anl N /y=—pk+a N
—k
N X

Figure 2. The left panel indicates when 8 is small, there are three intersections, then increasing 3,
finally, there will be only one intersection. The right panel shows that when g is small, there is only one
intersection, then as 8 gets bigger, the number of intersection willbe T - 2 — 3 — 2 — 1.

On the other hand, we have

2 2
2 —
a:k<ﬁ+ mk 4+ n >:k[mﬂc + 2nfk + n(e + ¢) — mb] (28)
flil+(e+ok+b (fk? + (e + o)k] + b]?
Note that mf <0 and n(e 4 c) — mb > 0. Let k be the positive root of equation
mfk? 4 2nfk 4 n(e 4 ¢) — mb = 0. (29)

Then k > —n/m > 0. Actually, we have k] < —n/m. Let G(k) = [fn — m(e + o)k* —
2mbk — nb. We just need check G(—n/m) > 0. Indeed,

2
G(—£>=[fn—m(e+c)]n—2+2bn—nb=n f<£>2—(e+c)£+b > 0.
m m m m

In a word, we have

" K2 [(mfk?* + 2nfk + n(e + ¢) — mb)

[fk? + (e + o)k + b]? (30)

_fn—m(e+ 0)]k* — 2mbk — nb

[fk? + (e + o)k + b]? Gy

B

where k € [k7, k3 ].
Checking the derivatives of « (k) and S (k) with respect to k, we have o’ (k) = —kV" (k),
B’ (k) = —V"(k) and

—2f[fn — m(e + ¢)]k> + 6mbfk? + 6fnbk — 2mb* + 2(e + c)nb

—Vi = (fk? + (e + ok + b]?

Since n > 0 and m < 0, it is easy to see that there exists a unique k. > 0 such that V"' (k) = 0.
Therefore, (a(k.), B(k.)) is the cusp point with (k) = 8’(k.) = 0. Moreover, (k) and
B (k) are increasing on (kj, k.) and decreasing on (k,, k3). See Figure 3. In a word, a typical
cusp bifurcation occurs.
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Figure 3. Inside the curve, there are three distinct positive fixed points, on the curve, there are two fixed
points, outside the curve there is one. This is for the bistable case.

00104
035

T T T T T T T )
s s o 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008
o o

Figure 4. The left curve for case (A2) intersects «-axis at (m/f,0) and
((ka2 + nkT)/(fkT2 + (e + ki + b),0). Inside the curve, there are three distinct positive fixed
points, on the curve, two fixed points, and outside, one. The right curve for case (A3) intersects S-axis
at (0, —n/b) and (0, —(mkj + n)/(fk}‘2 + (e 4 0Ok3 + b)). Inside the curve, there are three distinct
positive fixed points, on the curve, two fixed points, and outside, one.

In the competitive exclusion case (A2) or (A3), see Figure 4 for illustration. We have
(A2) m > 0,n > 0 and ce > bf.
Now, mimicking our previous analysis, we have

o — k*[mfk* + 2nfk + n(e + ) — mb]
- (k2 + (e + Ok + b2
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_mn—me+ 0)]k* — 2mbk — nb
B (k2 + (e + Ok + b]?

Since m > 0, n > 0, a necessary condition for 8 > 0 in Equation (32) is fn — m(e +¢) >
0.If fu — m(e + ¢) <0, then V'(k) > 0 for k € R. It then follows that Equation (25) has
only one root, and hence, system (19) admits a unique positive equilibrium. Since n/m >
(e+o)/f > b/(e+ o), it follows that mfk? + 2nfk + n(e + ¢) — mb > 0 for k > 0. Now if
k > ki, we have f > 0 and « > 0 in Equation (32).

(A3)m < 0,n < 0and ce> bf.

The tangency condition will also give the same parametric form as Equation (32). Note
that fn — m(e + ¢) = (ae — bd)f — (af — cd)(e+ ¢) = —cm + d(ce — bf) > 0. It follows
that [fn — m(e + ¢)]k* — 2mbk — nb > 0 for any k> 0. Thus, 8 > 0 in Equation (32) for
any k> 0.Ifn(e + ¢) — mb < 0,thenforanyk > 0, < 0in Equation (32). Thus it is neces-
sarythatn(e 4+ ¢) — mb > 0;thatis,ce — bf > —ne/a > 0. Thisleadsto« > 0in Equation
(32) provided k € (0, k3).

In view of Equation (23), we know if (1*, v*) is non-hyperbolic, we have

B (32)

U*Z u*z
(bf — ce)u™v* + ,Bf? + abF + epv* +acu® = 0. (33)

Since k = v*/u* and Equation (21) holds, it follows from Equation (33) that

a—o+ Bk ) b B
(bf—Ce)kw"‘(ﬂ( +€k),3+<%+6)06—0,

ak ' +d—p R b B
(bf—Ce)kT'i‘(fk +€k)/3+<%+6>0[—0,

and hence,

[%(b + ck)* + k(ce — bf)} a + [(fk* + ek) (b + ck) — k*(ce — bf)]B = k(ce — bf)a,

[%(b + ck)(e + fk) — (ce — bf)i| o + k[(e + fk)* + ce — bf18 = k(ce — bf)d,
which leads to a matrix equation M (%) = k(ce — bf) (‘é) where

%(b + ck)* + k(ce — bf)  (fk* + ek) (b + ck) — k*(ce — bf)
M =
%(b—kck)(e + fk) — (ce — bf) kl(e + fk)* + ce — bf]

It is easy to see that det(M) = (ce — bf) []‘k2 + (¢ + e)k + b]? > 0. Thus, we can directly
solve (a, B) in terms of k. A tedious computation also gives the parametric form

Yy K2 [(mfk* + 2nfk + n(e + c) — mb]

[fk? + (e + o)k + b]? Gy

_ [fn —m(e+ 0)]k* — 2mbk — nb
B (k2 + (e + Ok + b]?

B (35)
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Based on the previous analysis, it follows that a non-hyperbolic equilibrium can only occur
on the bifurcation curve. u

By Theorem 3.5 and Proposition 3.4, we have the following result.

Corollary 3.6: Suppose a,b,c,d,e,f satisfy one of (A1)-(A3) in Theorem 3.5, then there are
three equilibria in the region D bounded by the bifurcation curve and the o, B axes, and there
is only one equilibrium outside region D.

3.4. Global dynamics
We can now make some general statements about the dynamics of (19).
Proposition 3.7: System (19) has no periodic orbit in the first quadrant.
Let F(u,v) = 1/uv, and write the system (19) as & = g1 (4, v), v = g2(u, v). Then it

is easy to see that g;(0,v) > 0 and g (,0) > 0 with u > 0,y > 0. The first quadrant and
nonnegative parts of the coordinate axes are positively invariant. Then we have

a(fg1>+a<fg2):i<a—a_@+ﬁ_c>+i<d—_ﬂ_&+ﬁ_6>
du v Ju v v u v u u v
__E_E_J_(_ﬁ<0

for any u > 0, v > 0. By the Bendixson-Dulac theorem, we see that system has no periodic
solution lying in the first quadrant.

Theorem 3.8: Suppose o and B are positive.

(a) If(a, B) € IorlIl then system (19) admits a unique positive equilibrium (u*, v*), which
is globally attractive for any nonnegative initial data (1o, vo) except (0,0).

(b) If (o, B) € III, and in addition, system (19) has a unique positive equilibrium (u*, v*),
then it is a stable node and globally attractive for any nonnegative initial data (u, vo)
except (0,0). Moreover, if bf > (c — B/u*)(e — ao/v™) holds, then the system admits a
unique positive equilibrium (u*, v™).

Proof: Let (u(t), v(t)) be the solution of system (19) with (1(0), v(0)) = (up, vp). Since
(0, 0) is unstable and any nonzero solution of system (19) eventually stays positive, without
loss of generality, we assume that (u(t), v(t)) are componentwise positive for any ¢ > 0.

By Lemma 3.2, it is easy to see that If L; (&, ) La(«, B) < 0 or Li(«, 8) > 0, La(a, B) >
0 with bf > (¢ — B/u*)(e — a/v™), then system (19) has a unique positive equilibrium
(u*, v*), which is globally attractive.

If Li(a, B) < 0,L2(c, B) < O, then Proposition 2.5 indicates that any positive equi-
librium satisfies (u*,v*) € [0, 8/c) x [0,a/e). Note that system (19) is cooperative,
irreducible and strictly subhomogeneous in [0, 8/c) x [0, /e). Indeed, it suffices to
verify Go = (g1,€2) is strictly subhomogeneous, that is, Go(yx) > yGo(x) with x =
(u, v) satisfyingx > 0,y € (0,1). Since g1 (yu, yv) = yu(a — o — ybu) + (B — cyu)yv.
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It is easy to see that a —a — ybu >a—a —bu and B —cyu >  — cu. Thus, we
have g (yu, yv) > ylu(a — o — ybu) + (B — cu)v] = ygi(u,v). Similarly, we see that
Su,yv) > yg(u,v). Thus, Go(yx) > yGo(x). Actually, it is strongly subhomoge-
neous. Therefore, the standard method for the monotone dynamics gives the uniqueness
and global attractiveness of the positive equilibrium; see [42]. Combing the results in
Proposition 3.1 and Theorem 3.5, we see that possible bifurcation curve always lies in the
closure of 11, and hence, when (&, 8) € I, the nonzero equilibrium is hyperbolic. Indeed,
it is a stable node containing in the positively invariant set (0, 8/¢) x (0,a/e).

Similarly, we can also show that the first part of (b) is valid by Poincaré-Bendixson
theorem, and the unique equilibrium is a stable node, too. |

Remark 3.9: Indeed, we can get a similar result to that in Theorem 3.8, showing that
nonzero boundary equilibrium (0, v*) or (u*,0) is globally attractive when « > 0,8 =0
ora = 0,8 > 0, respectively.

4. Dynamics and diffusion

In this section, we mainly study the system (1) with Neumann boundary conditions, in the
case where («, ) is quantitatively large, that is, (o, 8) € I, see Figure 1. Some of the results
are also valid for other boundary conditions.

4.1. Spatially constant solutions

Let X = C(,R?) and X; = C(L, Ri). Then (X, X ) is a strongly ordered Banach space.
The system (1) with Neumann boundary conditions generates a semiflow on X, see [30].
Note that any solution of system (19) is a solution of system (1) with Neumann bound-
ary conditions. If («, B) € I or III, Proposition 2.5 shows that system (1) can be simply
treated as a competitive or cooperative system. Then we can use comparison arguments
as in [38, 42] to get the global dynamics of system (1). In particular, if the system (19) has
a unique globally attracting equilibrium, then comparison principles in the appropriate
ordering imply that it is also globally attracting and therefore the unique equilibrium for
the reaction—diffusion model (1). Note that the Lyapunov function in Lemma 3.2 is con-
vex, so it also works for the reaction-diffusion model, for example as in [8]. Thus, in view of
Lemma 3.2 and Theorem 3.8, we are ready to state the main result on the global dynamics
of system (1).

Theorem 4.1: The following statements hold for the reaction-diffusion model (1) under
Neumann boundary conditions:

(a) If(a,B) € lorll, then system (1) admits a unique positive constant steady state (u*, v™),
which is globally attractive for any initial data ® € X4 \ {0}.

(b) If (a, B) € 11, and in addition, system (1) has a unique positive constant steady state
(u*,v*), then it is globally attractive for any initial data ® € X, \ {0}.

(¢) If(a, B) € I and a constant steady state (u*, v*) satisfies bf > (¢ — B/u*)(e — a/v*),
then (u*, v*) is the unique positive steady state and is globally attractive.

These results follow immediately from Theorems 3.5 and 4.1.
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Corollary 4.2: Suppose U(t, -, @) is a solution of system (1) with homogeneous Neumann
boundary conditions and U(0, -, &) = & € X,. Then the following statements hold.

(a) When bf > ce, for any nonzero («, B), system (1) admits a unique constant steady state
(u*, v*), which is globally attractive for ¢ € X4 \ {0}.

(b) When bf < ce, if one of (A1)-(A3) in Theorem 3.5 holds, for any nonzero (o, ) ¢ D (D
is defined in Corollary 3.6), system (1) admits a unique constant steady state (u*, v*),
which is globally attractive for ¢ € X \ {0}; otherwise, for any nonzero (o, B), system
(1) always has a globally attractive positive constant steady state (u*, v*).

Next, we discuss the existence and nonexistence of a non-constant steady state when
bf < ce and one of (A1)-(A3) is valid. Clearly, if one of (A1)-(A3) holds, the bifurcation
curve should lie in region IIT of the a-plane.

4.2. Nonconstant solutions

In the sequel, we just consider the solution of system (1) in the rectangle B :=
[B/c,(a—a)/b] x [a/e, (d— B)/f]. Since system (1) is a competition-diffusion system
in B, many conclusions follow from what we know about competition-diffusion systems
in general.

Note that the u-nullcline is defined by g;(u,v) :== (a — o — bu)u + (8 — cu)v =0,
which gives the curve u = g;(v) where

a—a—cv++/(a—a—cv)?+4bpu

gl(v): b €R+
and
5 (0) = B —cu _ B —cu _ P—cu -0
A = ey bu—ov a—a—bu—cv—bu_ﬂﬁ—i—bu

due to u > B/c. Moreover, it is easy to see that £1(0) = (a — «)/b and g;(c0) = S/c.
Likewise, the v-nullcline, defined by g> (4, v) := (d — B — fv)v + (@ — ev)u = 0, gives the
curve v = @& (u), where

d— B —eu+/(d— B —eu? + 4fau
2f ’

is strictly decreasing on R, £,(0) = (d — B)/f and g2(00) = «/e. Set

Q) =

Mi={wv)eRi:u=50w)}) Ti={wv)eR::v=7gw) (36)

If 'y and I'; have three intersections, system (1) admits three constant steady states,
namely (u],v]), (45,v;) and (u},v}). Suppose that u} < uj < u3, then the expression
of I'y and I'; indicates that vy > v} > v}. By Proposition 3.1 and Poincaré-Bendixson
theorem, we know it must be the case that there are two stable nodes and one saddle. Sup-
pose that (u}, v}),i = 1,2 are stable nodes. Clearly, there is no further equilibrium point
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in [u}, u}] x [v},v]] for the ODE system (19). It follows immediately from [22, Proposi-
tion 9.1] that there is an entire orbit connecting these two stable nodes, a contradiction.
Thus, (15, v;) has to be a saddle.

Now we have the following estimate for the non-constant positive steady state of
system (1).

Proposition 4.3: Suppose that bf < ce and one of (A1)-(A3) holds. If system (1) admits three
different constant solutions (u’f,})i“), (u3,v3) and (U3, v3) withuj < u§A< u}, then any non-
constant positive steady state (u(-), U(-)) of system (1) satisfies uj < t(x) < u} and v} <
U(x) < v} for any x € Q. More precisely, min,_g &t < 1} < max, g i and min, 50 <
vy < max, g U.

Proof: Suppose ii(xg) = max, g i#(x) > B/c. By the maximum principle for the scalar
elliptic equation (see, e.g. [27, Proposition 2.2]), it then follows that

0 < g1 (it(x0), V(x0)) = (a — a — 1(x0))it(x0) + (B — cit(x0))V(x0) (37)
< (a—a — (x))i(xo) + (B — cii(xp)) min 0 = g (ma_x it, min f)) - (38)
xeQ xeQ xeQ

Likewise, we have
g (mip i1, max ﬁ) <0, © (mip i1, max 13) >0, © <ma_x i1, min f)) <0. (39
xeQ x€eQ xeQ xeQ xeQ xeQ

Note that

Dy = {(u,v) € [0,u]] x Ry : g1 (u,v) > 0> ga(u,v)} C [0, u]] X [v],00),
Dy = {(u,v) € [uf,u5] x Ry : ©2(u,v) > 0> g1(u,v)} C [uf,u3] x [v3,v]],

D3 ={(u,v) € [u3,u3] x Ry : g1(u,v) = 0> g(u,v)} C [u5,u3] x [v3,05],

L a—a L a—a .
Dy = {(u,v) IS |:u3,—i| x Ry :g(u,v) >0 Zgl(u,v)} C |:u3,T:| x [0, v3].

b

Then we see the only possibility for a non-constant solution (u(x), v(x)) is
(ma_x i, min ﬁ) € D3 and (mip i1, max ﬁ) € D;.
xeQ xeQ x€Q xeQ

This establishes the proposition. |

Consider the elliptic problem
0=dAu—au+ v+ (a — bu — cv)u,
0=dAv+au—pFv+(d—eu—fo)v in €

ou v .

—=—=0 on 02, u>0v>0 in Q.

an  dn
We will now give conditions for the nonexistence of non-constant solutions of system (40)
under various conditions on « and S related to the number of equilibria for system (19),

(40)
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as discussed in Section 3.3, specifically Theorem 3.5 and Corollary 3.6, and illustrated in
Figures 3 and 4.

Lemma4.4: Supposethatc/f > a/d > b/eand («, B) € 111 Then there is no non-constant
solution for system (40) for (o, B) in EEE provided that max{d;, d,} > C for some constant
C> 0 independent of a, B. (Here EEE means the region in the aff—plane that contains three
constant solutions.)

Proof: The main idea will be similar to those in the proof of Lou and Ni [27,
Theorem 3.1(b)]. Let u = (1/|2]) fQ u. Note that in this case, for any «, 8 in EEE,
u} (ar, B) and v} («, B) are always positive and continuous in (o, B). Indeed, we have J; =
inf(4,g)eeEE U5 (, B) > 0 and Jo = inf (4 g)cppE V5 (@, B) > 0. Note that J; and ], are inde-
pendent of o, B, di, d». Slightly modifying the proof of Step 1 and 2 in [27, Theorem 3.1(b)],
we have the estimates

C
ol =3l = o (41)
1

S0

I — 13 lloo <

where C > 0 is independent of «, 8, d; and d>.
Multiply the first equation in (40) by u — u. We have

dl/ Au(u—it)+/g1(u,v)(u—ﬁ)=0.
Q Q

Since [o(u—u)=0 and &, ¥, g (#,v) are constant, [, g (i, V)(u—u) =0 and
dy [o Auii = 0.1t then follows that

d f Vul? = / (1 (s v) — g1 )] (1 — i) (42)
Q Q
:(a—a—bﬁ—cﬁ)/(u—ﬁ)z—bfu(u—ﬁ)z (43)
Q Q
+ / (B — cu)(u — ) (v — D) (44)
Q

§—b/ u(u—ﬁ)z—i—(c(a )/ |lu — ullv — v| (45)
Q
5[ b( >+e}/(u—u)2+m (v — )%, (46)

where the first inequality holds sincea — o« — bzt — cv < —f(v/u) < 0and the second one
follows from Cauchy’s inequality.
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Multiply the second equation in (40) by v — v and apply an analogous evaluation. Then
we obtain

dy / |Vo|* = / (g2 (1, v) — g2(it, V)] (v — ¥) (47)

Q Q
=(d—ﬂ—eﬂ—fﬁ)f(v—ﬁ)2—f/ v(v — )° (48)

Q Q
+/(o¢—ev)(u—it)(v—t7) (49)
Q

< (e(d A _ )/ lu — u||v — | (50)
(u—u) +m/(v—v) (51)

Now choose € = (u} — C/dz)/Zb > 0 (which is possible if d, > C/u*) and add the two
inequalities together. We see that

d2/ [Vu|? |: (uz——)—l—Ze]/(u—u) —|——f(v—v) (52)
=2 fw-or < [ vep (53)
€ JQ € JQ

Soifd, > C/e, thatis, d, > (C + ZbC)/u’z‘, it follows that fQ |[Vv|?> = 0, v(x) has to be a
constant equal to v, and hence, u(x) is also a constant equal to 3. Thus, for d, > C,,, =
(C+ 2196)/]1 with C, C, and J; independent of «, B,d; and d,, system (40) has no non-
constant solutions for (¢, B) in region EEE.

Likewise, we can conclude that for dy > C, /]2, system (40) has no non-constant
solutions for (¢, 8) in region EEE. Then the result follows. [ |

Lemma 4.5: Suppose (a, B) € IIL

(a) Ifa/d = c/f > b/e, then there is no non-constant solution for system (40) for (o, B) in
CE provided that d, > C for some constant C > 0 independent of o, B. (Here, CE means
the region in the o, B plane that contains three constant solutions.)

(b) Ifc/f > bj/e> a/d, then there is no non-constant solution for system (40) for («, B)
in CE2 provided that di > C for some constant C> 0 independent of «, . (Here CE2
means the region in a, § plane that contains three constant solutions.)

In case (a) where v} (otmin,0) =0, and J; = inf (o gyecE 45 (@, B) > 0, the proof in
Lemma 4.4 leads to the result for d, large. Similarly, case (b) follows from the fact
5 (Bmin, 0) = 0, and J, = inf o gyecp2 v5 (o, B) > 0.

Generally speaking, certain values of («, ) admit multiple positive equilibria of (19)
and hence the corresponding constant solutions of system (40). However, for any such
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constant solution (u*,v*), we always have (a — bu™ — cv*)u* 4 (d — eu™ — fv*)v* =0,
so that one of u*, v* must be greater than a positive constant independent of (&, 8). Then
having one of the diffusion rates large (for u* bounded below, having d, large, and for v*
bounded below, having d; large) excludes the existence of non-constant solutions by the
arguments used in the proof of Lemma 4.4.

The following result on the existence and stability of non-constant positive equilibria for
(40) is based on well-known results in the theory of competitive reaction-diffusion systems
given in [29, Theorem A] and [25].

Lemma 4.6: Suppose one of (A1)-(A3) holds and («, B) lies in the region of the first quad-
rant bounded by the bifurcation curve, such that the system (19) has two locally asymptotically
stable equilibria (u*, v*), (U™, V™) with (u*, v*) < (U™, v**) with respect to the usual com-
petitive ordering. Then for any dy and d, there exists a bounded non-convex domain Q2
(dependent on all of the parameters in system (40)) for which system (40) admits a stable
non-constant solution. Moreover, if the domain Q is convex, then any non-constant solution
of system (40) is unstable.

A typical example of the type of domains €2 in two space dimensions that may admit
stable non-constant solutions is a ‘dumbbell’-shaped region consisting of two large roughly
circular regions connected by a sufficiently narrow strip.

4.3. General boundary conditions

Throughout this subsection, we will assume that («, 8) € I, that is, the switching rates «
and B are high enough that the system is in effect asymptotically cooperative.
Consider the system (1) with boundary conditions

Biu=0, Byy=0, (tx)e€(0,00)x 0L, (54)

where Q@ C R" (n > 1) is a bounded domain, and if n > 1, suppose that 2 is of class
C*? (0 < 6 < 1). Furthermore, assume that either Bjw = w or Bjw = aw/an + m;(x)w
for some nonnegative function m; € C'*9(3%2, R), where 3/9n denotes differentiation in
the direction of outward normal # to 9<2.

Let X = [P(2) with p € (n,00). For each y € (% +n/2p, 1], let X,?/ be the fractional
power space of LP(Q2) with respect to (—d; A, B;), that is, the fractional power space asso-
ciated with the operator —d; A with boundary conditions given by B; (see, e.g. [21, 22]).
Let X, = Xi/ X X;. Then X, C [C'V(Q)]? with continuous inclusion for v € [0,2y —
1 — n/p) (see, e.g. [21]). For the case of Neumann or Robin boundary conditions define
the positive cone of X;r to be the set of all functions in X, that are nonnegative on €2, and
for Dirichlet boundary conditions define the positive cone to be the set of functions that
are nonnegative on €2 and whose outward normal derivatives are nonnegative on 9€2. The
positive cone on X;j then has nonempty interior Int(X;j). Let || - ||, be the norm on X, .
It then follows that there exists a constant C,, > 0 such that for all ® = (¢1,¢,) € X,, the
inequality

[@lloo = maX{ma_X|¢1(X)I,ma_XI¢2(X)I} = Gli@lly

xeQ xeR
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holds. It is well known that reaction-diffusion systems with smooth coefficients on smooth
bounded domains generate semidynamical systems on fractional power spaces such as
X, ; see, for example, [21, 38, 42]. Indeed, they generate flows on subspaces of [CK(Q)]?
that incorporate the boundary conditions; see [30]. By Proposition 2.1 solutions of sys-
tem (1) are globally bounded and all of them eventually take values in a particular
bounded set. Combining that with standard parabolic regularity implies that the system
is dissipative. In fact, since we assume («, 8) € I, it follows from Proposition 2.5 and
Remark 2.6 that the set A := [0, 8/c] x [0,/e] is positively invariant and the values of
any positive solution lie in A for sufficiently large ¢ and system (1) is cooperative for
(4, v) in that invariant set. It follows that solutions of any equilibria of the system (1)
must take values in A4, and that system (1) generates a semiflow on the subset of X;r
whose elements take values in A. Furthermore, because the system is cooperative, stan-
dard parabolic comparison principles can be used to show that it is strongly monotone,
and parabolic regularity theory implies that forward semiorbits are precompact. (See, for
example, [[38, Theorem 7.4.1 and Corollary 7.4.2], [22, Proposition 21.2]] for related
arguments.)

Let U := (u, v) represent a solution to (1) and U* = (B/c,a/e).

Denote Xys := {® € X, : 0 < ®(x) < U*}(so that Xy« is the subset of X;r whose
elements take values in A.)

We have the following:

Theorem 4.7: Suppose that («, 8) € I and that (0, 0) is linearly unstable. For any ¢ € Xys,
let U(t, x, @) be the solution of system (1) with boundary conditions (54) and U(0, x, ¢) =
@(x) for x € Q. Then system (1) has a unique positive steady state <i>(x) € Xy such that
lims 0 UL, -, @) — @), = 0 for any ¢ € Xy«\{0}.

Remark 4.8: Propositions 2.2 and 2.3 give criteria for the instability of (0, 0).

Proof: (sketch) The dissipativity and precompactness of forward orbits for system (1) with
boundary conditions 54 imply that the semidynamical system defined by U(t, x, ¢) has a
compact global attractor; see [4]. If (0, 0) is linearly unstable, the principal eigenvalue of the
linearization of system (1) at (0, 0) is positive. Let W = (v, ¥2) be the associated positive
eigenfunction. It is easy to see that e W is a strict subsolution of (1) for € > 0 sufficiently
small. Also, by the strong comparison principle, U(t, x, ¢) will lie in the interior of the posi-
tive cone for t > 0. (This is where we use the nonpositivity of the normal derivative on 92 in
the definition of the positive cone in the Dirichlet case). It follows that the semidynamical
system defined by U(t, x, ¢) has a nonempty attractor, which is global relative to orbits with
nonzero initial data, and which is contained in the order interval defined by e ® < (u,v) <
U*. Parabolic regularity implies that the image of X+ under the semiflow is compact for
any t > 0. Also, the dynamical terms of system (1) are subhomogeneous, so by Theorem 3.1
of Hirsch [23] the semiflow U(t, x, ¢) is, also. It then follows from Theorem 5.5 of Hirsch
[23] that the attractor in the interior of the positive cone consists of a single fixed point,
which proves the desired result. (Related arguments are discussed in [42], Theorems 1.3.6
and 2.3.2.) [ |
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5. Discussion

We have analysed a class of models for the dynamics of populations that can switch between
two dispersal modes, specifically between two different rates of diffusion, in the context
of populations inhabiting a fixed bounded region as opposed to that of biological inva-
sions, as treated in [7, 12, 15, 16, 31]. The idea behind the models is to divide a population
into subpopulations dispersing by diffusion but at different rates, and then allow individ-
uals to select their dispersal rate either by behavioural switching (which would typically
be reflected by high rates of switching relative to the timescale of population dynamics),
or by phenotypic plasticity (where switching rates would be on a timescale comparable
to population dynamics) or perhaps by evolution (where ‘switching’ would reflect the
population-level effects of mutation and selection), which might occur at a slower timescale
than population dynamics, but might also occur on a timescale as fast as that of disper-
sal (see, for example, [7, 12, 34].) Our results show that such models, as formulated in
model (1), can behave essentially as either cooperative systems (when the switching rates
are high compared to the rates of population dynamical processes) or as competitive sys-
tems (when they are low), or display both behaviours depending on the densities of the
two subpopulations.

In all cases, the model (1) will predict persistence and have at least one positive equilib-
rium if (0, 0) is unstable. In the cooperative case, the model (1) typically has either a unique
positive equilibrium that is globally stable among positive solutions (if (0, 0) is unstable)
or no positive equilibrium, with (0, 0) globally stable. Thus, the model behaves much like
a single logistic equation. In the competitive case, the dynamics may be more complicated.
Specifically, there may be multiple positive equilibria. However, even in cases where the
dynamics are of mixed cooperative and competitive types, the corresponding models with-
out diffusion such as system (19) cannot have periodic orbits. In the case of Neumann
boundary conditions, the equilibrium (0, 0) is always unstable if the growth rates at low
density of the subpopulations are positive, so the model predicts persistence. For Dirichlet
or Robin conditions, the stability of (0, 0) depends on the size of the principal eigenvalue of
the Laplacian on the underlying spatial domain, relative to the growth rate for the system
at low densities. In the case of Dirichlet boundary conditions, we use this observation to
analyze the minimum patch size needed to support a population.

In the competitive case, the models can have dynamics analogous to the cases of coex-
istence, competitive exclusion, or bistability (founder effects) in ordinary Lotka-Volterra
competition models. The effective competition arises in the models because we assume that
both subpopulations are subject to crowding effects of the sort that lead to logistic mod-
els or Lotka—Volterra competition models. In the case of strong competition, the model
in the competitive case may have up to three distinct positive equilibria on general spatial
domains if the switching rates are low. A typical configuration in that situation would be
where there are stable equilibria with one component small. (These arise if a small amount
of switching is introduced to a system with competition but no switching that has stable
equilibria with one component zero.) In the case of Neumann boundary conditions, if there
are two distinct stable spatially constant equilibria, for non-convex domains in two or more
dimensions the model can have stable non-constant solutions which are close to one of the
spatially constant equilibria on some subdomains and close to the second on others. This
could conceivably suggest a mechanism for allopatric speciation based on dispersal rate, for
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example, if the movement rate is associated with competing hunting strategies of ambush or
pursuit (as described in [14], for example). In the cooperative case, the model (1) typically
has either a unique positive equilibrium that is globally stable among positive solutions (if
(0, 0) is unstable) or no positive equilibrium, with (0, 0) globally stable. Thus, in that case,
the model behaves much like a single logistic equation.

In the present study, we restrict our attention to the case where the coeflicients describ-
ing population dynamics and switching rates are constant. For the case of Neumann
boundary conditions, we show that for some ranges of the switching and population
dynamical parameters, the dynamics of the system with diffusion are exactly the same as
those of the corresponding model without diffusion. We obtain that result by using a Lya-
punov functional. The dynamic behaviours of the nonspatial models are always a subset
of those for the spatial models with Neumann boundary conditions in the case of con-
stant coefficients, but in certain situations (for example, the bistable case in non-convex
domains, as in Lemma 4.6), the dynamics of the spatial model may be more complex.

It is natural to think that organisms might switch movement modes in response to envi-
ronmental conditions, or have different modes for searching for resources and exploiting
them, and indeed this idea is developed in [13, 41]. In a different direction, it is known that
for populations that move by diffusion at a fixed rate, spatial heterogeneity favours slower
diffusion (see [11]) In future work, we plan to explore these sorts of issues in models anal-
ogous to Equation (1) in spatially heterogeneous environments. One specific question we
plan to study is competition between a population which can switch dispersal rates and
another with a fixed dispersal rate, from the viewpoint of Dockery et al. [11].
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